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PART I: THE STATIC MEAN FIELD
. INTR ODUCTION
A. Self-consisten t mean- eld theory versus densit y-functional theory

In virtually all areasof physics, the quartum many-body problem is a computational
challengethat still lacks a satisfactory completesolution. Newerthelessthere hasbeengreat
progressusing the conceptsof self-consisteh mean eld theory. | will start my lecturesby
shawing you the progressin condensednatter and quantum chemistry, becausehe achieve-
merts there can sere as an inspiration in nuclear physics,to do better. The fundamertal
mean eld theory in the quartum many-body problem is Hartree-Fock theory, which | will
shortly derive. But from a practical point of view it has a limited accuracy and one can
‘nd mean- eld theoriesthat are much more accuratewithout sacri cing the computational
advantages of the Hartree theory. | am speaking about density functional theory as for-
mulated by Kohn and Shamin 1966. Let us rst look at the numbers and seehow these
theoriesperform, and then I'll showv you the equationsand the particular aspectsthat are
neededfor nuclear physics.

From Table | one can seethat the simplestform of DFT, called the Local Density Ap-
proximation (LDA), is already a factor of two better than Hartree-Fock. But further work
on the energyfunctional gave spectacularimprovemer, asyou can seefrom the last lines
of the table. In this form, the theory becamewidely usedin quantum chemistry.

Although the equationssolved have exactly the sameform, there is a basic conceptual
di®erencebetween DFT and SCMF. In DFT, the energyfunctional has an arbitrary de-
pendenceon the ordinary “4r) and minimizing the functional is supposedto give the exact

ground state of the many-particle system. In SCMF, on the other hand, one starts with



TABLE [: Atomization energiesof selectedmolecules

Lio CoH, 20 simple molecules

(mean absolute error)

Experimental |1.04eV 17.6eV -

Hartree-Fock [37]] -0.94 -4.9 3.1
LDA [31] 005 24 1.4
GGA [38] 02 04 0.35

¢ [39] -0.05 -0.2 0.13

a Hamiltonian theory which interaction energy expressiblethrough secondquartized op-
erators that depend on density through the conbination %§r) = a¥a,. The SCMF is an
appraximate treatment of the Hamiltonian that can possibly be improved. The mean- eld
energymay be augmerted by additional terms, for exampleterms that restorethe e®ectof

broken symmetry or terms that accoun for long-rangecorrelationsin the wave function.

B. The old and the new in SCMF

Self-consisteh mean eld theory has a long history in nuclear physics, going back to
the pioneering calculations of Brink and his collaborators in the mid 1960's. With the
limited computer resourcesavailable at the time, one could only treat magic nuclei suc
as 0. An important advancewas the introduction of the Skyrme parameterization of the
energyfunctional, which e®ectiely decoupledthe problem of what the nuclear interaction
is, from the problem of describingthe structure with some xed interaction. The Skyrme
parameterizationsimpli ed the interaction to a cortact form. It cortinuesto be usedup to
the presen, but now there are alsocomprehensie calculations available for SCMF theories
with relativistic interactions [7] and with nite-range interactions [8]. Most of the formal
dewelopmen of SCMF and its extensionscan be found in the textb ook by Ring and Sduck
[2]. The presen status of SCMF hasbeenreviewed by Bender, Heenen,and Reinhard [1].



Il. FUND AMENT AL EQUA TIONS
A. Hartree-F ock and DFT

The fundamertal basis of all self-consisteh mean- eld models is Hartree-Fock theory.
Hartree-Fock theory providesa computationally tractable appraximation to the generalN -
particle wave function and can be readily extendedasin the Kohn-Shamdensity functional
theory. | shall derive the equations here using second-quatized notation for the HF but
ordinary functions for the DFT. | should mertion that the secondquartized notation is not
really neededfor the Hartree theory. But the formalism is unavoidable for BCS and the
more sophisticatedextensionsof the theory, and this is a good a place as any to introduce
it. The Hartree-Fock approximation approximates the many-particle wave function by the
product form

joi = & :::ay ji:
where a createsa particle in orbital k. In rst quartized notation, j©i is the sameasthe
Slater determinart made up of the orbitals k. The relation betweenthe orbital operator
and the “eld operator? Y is & = R r A(r)2 Y, where A is the orbital wave function.

In Kohn-Sham DFT one simply takes the orbital wave functions for the occupied or-
bitals A, asvariational parameters. Howewer, onerequiresthat the orbitals be orthonormal,
A Aod®r = A0

Considernow a Hamiltonian made of a kinetic energyand a two-body potential

Z h2 1Z z
H = d3r%r ay(r)er3(r)+ 5 d®r AW (r;r92 V()2 Y(r9( r%( r):

3( r) is the “eld operator; it createsa nucleonat position r. Using the wave functions A, (r)

correspnding to the creation operators a,
fa(r);atg= Adr):

The expectation value of this Hamiltonian for the Hartree-Fock state © is

R ] ] x Z z o
Eo = HOjH|GI = o drr A(r) or A(r) + d®r ErV(r;r9ANj%A(NJ? (1)
i a<b
x Z z ) ] ] )
i d®r  dPrv(rr9AL(NA(r A" (rYAy(r):

a<b



The rst potential energyterm above is the direct or Hartree energyand the secondis the
exchangeor Fock energy

The correspnding expressionin DFT is the energy function, de ned in terms of the
orbitals A, and the particle density %r) = P JA(N)j? as

z g XA AkJ

+ V(l/éf))
k

We nd the optimum orbitals by minimizing this expression.At the minimum, the variation
with respect to the form of the orbitals vanishes. This is expressedby the variational

equations

X
—Ak T )(@JHJ@I ij i PAJAT) =0

The , j areLagrangemultipliers that enforcethe orthonormality of the single-particlestates.

De ning the density matrix, %r;r9 = PiNjA-(r)jZ, the Hartree potential V(r) =
Rd3r°\/(r;r‘)1/ér0,r‘), and the Fock potertial Ve(r;r9 = V(r;r9%r;r9, a single-particle
Hamiltonian can be de ned

2 Z
(WA = i A + A | drVe (A

Using this de nition, the Hartree-Fock equationscan be written

. X i
hA(r) =, kA(r):

The right-hand side can be further simpli ed by solving for the Lagrangemultipliers
= PAjhjA:

Becauseh = hY, the matrix , composedof the | \; is Hermitian, and can be diagonalized
with a unitary transformation S. De ning A = SA, whereA is composedof the elemerts A;,

the Hartree-Fock equationssimplify to
hA; = 2 A (2)

wherethe ?; are the eigervaluesof , . We shall seein Sect. |1l how one can exciently solve

this systemof N coupleddi®erenial equations.



B. HF-BCS

A very important generalizationof the Hartree-Fock theory is to pairing theory. It may
viewed as a mean- eld theory includesboth particle creation and annihilation operatorsin
the de nition of the mean- eld orbitals. The generalequationsgoverning the orbitals arethe
Hartree-Fock-Bogoliubov equations,called the Bogoliubov-deGenneequationsin condensed
matter physics. | will presen the equationsin the next subsection;herel will presen the
simpler BCStheory [3]. In the BCStheory ascarried out in nuclearphysics,we rst solvethe
HF equationsto get a set of orbitals k. In favorable casessud asin dealingwith even-een
nuclei, the HF equationsare invariant under time reversal. This implies that ead orbital k
hasits time-reversedparter k, and the two have the samesingle-particleenergy?,. Now we

cometo the basicBCS Ansatz, to take the many-particle wave function to have the form

Y
jBCSI = (u + viaya))ji:
k>0
The ux and vy are parametersare to be determinedby minimizing the expectation value of

the Hamiltonian. Normalization of the state requires
jug® + jwj® = L

The BCS state is not an eigenstateof the particle number operator. Howewer, by augmerting

the Hamiltonian with a Lagrangemultiplier term,
H! Hi  KN;
the particle number expectation value can at leastbe xed to the desiredvalue N,
hB CSjNjBCSi = 2" v2 = N:
k>0
| now give two examplesof BCS pairing that shaws the range of pairing e®ectsn nuclei.
The rst is a Hamiltonian with degenerateorbitals and a constart pairing interaction. Let us
supposethere are 2- orbitals including the time-reversedpartners and N, particles (either
neutrons or protons). First consideran even number of particles. Then the v, amplitudes
are all equaland are determinedby xing the number of particlesto N,. Namely,

Np.
5

Ve =

\‘



There is no single-particle energyin the Hamiltonian soits expection value is just that of

the interaction. Let ustakeit to be j g for all orbitals. Then we have

1% X NpH o N
BCSjviBCSi = | = 1 P
mBest=is oo g

= %Np(Z- i Np): (even)

If there are an odd number of particles, onewill be alonein someparticular orbital blocking
the parter orbital. Thus the pairing will now occur amongthe N, i 1 remaining particles

occupying the - j 1 available orbitals. Thus the energyin this caseis
HBCSjViBCSi = g(Npi 1)@2- i Npi 1) (odd):

If you try out theseformulas with not too small a value for -, you will seethat the even
systemshave lower energiesthat the averageof the neighboring odd systems. The precise
amourt of this pairing varies, but with the orbitals half Tled it is about g- =4.

Another simple model is calledthe picket fenceHamiltonian. The orbitals (together with
their degeneratdime-reversedpartners have an equalenergyspacing. Let's call the spacing
25. Again we assumethat the interaction has equal matrix elemerts for all the orbitals. In
this case,we needto imposea cuto® on the single-particle spectrum to get a solution of
the BCS equations. Let us supposethat the cuto®is the sameabove and belon the Fermi
energy and that it is large comparedto 2. If the pairing strength is suc that ¢ comesout
large comparedto 2, but small compareto the cuto®energy the total energy(comparedto
that of the samesystemwithout the pairing interaction is given by

¢ 2
. 270;

and the di®erencdn energybetweenewven and nearby odd systemsis

Eoddi Eeven = ¢

C. HFB

In the last section,the variation to nd the pairing amplitudes uy; vy wasperformedafter
the HF variation to setthe orbitals k. Can onedo better doing both variations at the same

time? The answer is yes,at leastin principle. An elegan formulation of the problemis given
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by the HFB equations. It is easiestto think about theseequationsin a nite-dimensional
basisof orbitals, say with dimensionM . In that basis,the Hartree-Fock Hamiltonian h is
anM £ M matrix. We only needthe lowestN eigervectorsof the matrix to get the density
and the occupiedorbitals. In contrast, the HFB matrix hastwice the dimension,2M £ 2M,
and all the eigervectorsare neededin principle to nd the densities. For details of equations
seethe book by Ring and Sduck [2].

The question remains whether the HFB is necessaryfor reliable theory. When active
orbitals are well bound as in ordinary nuclei along the valley of stability, the orbitals do
not changeappreciably from the pairing eld and the ordinary BCS treatment is ertirely
adequate. This may not be the casefor drip-line nuclei, wherethe pairing could make the
di®erencebetween bound and unbound orbitals. Howewer, in a recert work, Hagino and
Sagava shoved that even under dripline conditionsthe e®ectf the HFB could be obtained

by a simple perturbativ e treatment of the BCS wave function [46].

I1l. COMPUTER PR OGRAMS
A. Choice of basis

Two leadingchoicesare a coordinate-spacemeshand harmonic oscillator wave functionst.

The 3-D coordinate spacemesh was introduced to mean- eld calculations in nuclear
physicsin 1978to solwe the equationsof time-dependert mean- eld theory [9]. The method
was then applied to the static problem, and a state-of-the-art computer program ev8.f is
now available for anyone to use[4]. The other method, expansionin harmonic oscillator
function, is also available in a distributed program [6]. | am more familiar with the ev8.f
program, sowe will usethat onefor the examples.

With a coordinate mesh,there will be two numerical parametersto be speci ed, the mesh
spacing¢ x and the number of meshpoints N,. In ev8.f the mesh lls a rectangular box.

The sidesare usually taken to be equal so the number of meshpoints is N, = N2. It is

1 This cortrasts with quantum chemistry and condensedmatter. In quantum chemistry, the leading choice
is a basis of Gaussianfunctions, while in condensedmatter a meshin momertum spaceis popular. It
should mentioned that from a computational point of view, meshesin coordinate or in momertum space
are not so di®erent becauseone can easily transform from one basisto the other by the fast Fourier
transform.



assumedhat all the orbitals have a re°ection symmetry with respectto the three coordinate
axes;this allows the meshedspaceto be oneeighth of the total. Thus, the length of a side
of the box is Ly, = 2N, ¢ x. We shall go through an example below for the nucleus“4Ca,
for which the parametershave values¢ x = 0:8 fm and N, = 14. Thus the distance from
the certer of the nuclei to a wall of the box is 11:4 fm. This should be comparedwith the
nominal radius of the nucleus,R = 1:2A3 = 4:4 fm. The sizeof a real vector neededto
represem an orbital is the number of meshpoints times two for the two spin statestimes an
additional factor of two for the real and imaginary parts of a complexamplitude. Thus for
the “8Ca example,the vector sizeis 14° £ 4 ¥4 11; 000.

An important property of the meshrepresemation is that the single-particleHamiltonian
is a sparsematrix. The kinetic energyoperator may be appraximated by di®erencdormulae
that only involve nearby meshpoints. Or, if one wants to treat the kinetic energy more
exactly and is willing to accept periodic boundary conditions on the lattice, one can use
the Fast Fourier Transform. That derivesits speedfrom a sparsematrix represetation.
Concerningthe potential energy due to the short range of the nuclear interaction it only
requiresamplitudes on nearby meshpoints aswell.

In the harmonic oscillator represemation, the important numerical parametersare the
oscillator frequencied ;! ;! , and the number of oscillator statesincluded. Usually, there

is a maximum for number of oscillator quarta N, whereN = n, + ny + n,.

B. Metho d of solution

Given the single-particle Hamiltonian in somerepresemation, one can solwe for the or-
bitals in eq. (2) by direct diagonalizationif the dimensionsare not too large. This is the
casefor the harmonic oscillator represetation, but not for the lattice represemation. In the
latter case,oneusesiterativ e techniques. They all have in commonthat the solution is built
out of repeatedapplications of the Hamiltonian matrix to a vector. Thesematrix-on-vector
operations are at the heart of the well-known Lanczosmethod of matrix diagonalization.
Howewer, for the problem at hand, many eigenfunctionsare needed{onefor ead occupied
orbital{and other methods are more robust. A commonmethod is to (approximately) ex-

ponertiate the single-particle Hamiltonian to Iter the ground orbital out of mixed wave
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function,
A = exp(i “ho)A

The componert of an eigenstatek with energy?y is suppressedy a factorexp(j 2x) which
is relatively larger the higher the energyof the componert. When this procedureis used,
one starts with a crude approximation to the N, distinct orbitals. At ead stage of the
‘Ttering, the orbitals are orthonormalized by the Gram-Sdxmidt procedure. The numerical
parametershereare and the number of iterations M- neededfor the desiredaccuracy
The self-consistencyof the SCMF is achieved by iterating over solutions of the single-
particle Hamiltonian, updating it by the improved information about the densitiesat eadh
stage. To make the procedurestableand converger, oneusually updatesby the replacemen
Yag! ®%ew + (Li ®) Y49 Where® is a numerical parameter. A nal numerical parameter

is the number of HF iterations My neededfor satisfactory convergence.

C. An example: “8Ca

In this section,we will go through a speci ¢ example,just to seehow ev8 works from a
user'sperspective. First, log on to the computer, make a directory for yourself,and run the

program using a script to do all the work. The actual stepsfrom a terminal window are:

ssh nken@genefphys .washington.edu
password: ev8

mkdir <your name>

cp -r ev8 <your name>

cd <your name>

example.sh

If all goeswell, you will seethe program compiling and then running with the output to
the screen.The last the lines will be:

*kkkkkkkkkk Ecm *kkkkkkkkkkkkk

* neutron = 215248 MeV*
* proton = 303791 MeV*
* total 9.519039 MeV*

********************************

*kkkk TH E E N D*****

Let's look at the input Te that was constructedto run this case. It is called data, and it

reads:

11



0 0
0.99999998E-02

'2150 % 8 0

78 20

S|y45 1 0 _ 0
3148008885148 S33RR00E 813 BB00980E 098 4308800E 88
0.10000000E+000.20000000E-01. 0.40000000E+04
0.00000000E+000.00000000E+30
0.00000000E+000.10000000E+05

0.75000000E-02 0.00000000E+00

| will only explain the ertries that needto be changedfor later tests. The rst is the "-25"
on line 4, which instructs the program to make 25 HF iterations. The secondis the "5" on
line 8, which speci esthe Lipkin-Nogami treatment of pairing. Let us changethe "5" to a
"4", specifyingthe BCS treatment of pairing, and run the program againwith the command
line: |>ev8.exe < data > 028.020.out Now we have the output in the Te 028.020.out

and can examineit at leisure. Just below the headerone can seethe lines

mass= 48 charge = 20 n= 28
nx= 16 y= 16 nz= 16

n

dx= 0.80000000E+00Fm
This tell usthat the input wave function TTe was describingthe nucleus“®Ca, using lattice
parametersNy = Ny = N, = 16 and a meshspacingof ¢ x = 0:8 fm, asremarked in a
previoussection. Let us now jump down and nd the sectionwhereit reports the properties

of the neutron orbitals:

neutron levels

n par vbcs vin del egp esp jz d2(h)
1 1 1.000 1.000 0.193 41./33 -49.838 0.500 -9.25E-07
17 -1 1.000 I1.000 0.521 28.085 -36.191 0.500 -1.02E-04
18 -1 1.000 1.000 0.522 28.052 -36.157 -1.500 -7.42E-Q7
19 -1 1.000 1.000 0Q.477 24.992 -33.097 0.500 -1.02E-04
2 1 1.00 1. 874 14.543 -22.849 0.500 4.0 E-85
3 1 1. 1. 876 14516 -22.621 -1.498 -3.52E-05
4 1 1. 1. 874 144 -22.598 2.497 2.31E-05
g 1 1. 1. ) g ) -17.704 8.5 8 -2.88E- %
1 1. 1. ) .304 -18.4 9 5 -2.96E-
[ 1 1.00 1.0 .836 254 -16.359 -1.498 -3.48E-05
20 -1 0.929 0963 1.125 2.183 -9.848 0.499 -1.22E-04
21 -1 0.928 0962 1126 2171 -9.832 -1.498 -4.91E-05
0 BB Be [im A0 SN eay 0ER
24 -1 §.1 §.§74 .84 1.230 -5.61§ 0.499 -3.1 E-§4
25 -1 158 .069 8.%37 1.247 -5.57 -1.498 -7.25E-05

The rst line of numberstells us properties of orbital no. 1. The most basic properties are

in columns2,3,7and 8. They are:
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TABLE 1I: Binding energy of “8Ca.
Source [Binding Energy

SLy4 [10]  417.87

hfbtho 417.84
ev8 418.48
exp. 415.99

2 parity, 1 (even);

2 occupation probability, vi = 1:000;

2 single-particleenergy 2, = j 49.838MeV;
2 angular momenum, j, = 0:500.

Obviously, this is the 0s,-,-orbital. Now, canyou nd someof the other shell orbitals? The
nucleusis spherical,sothere should be a energydegeneracyor di®eren j ,-statesfor a given
j. Note that only oneof the orbitals in ak,k is listed, and that the j, of the listed orbital can
be either positive or negative. “®Ca is supposedto be a magic nucleus. One characteristic is
a gap in the single-particlelevels betweenoccupiedand unoccupiedlevels. Verify that the
proton gapis betweenthe f;-, and the ds;-, shellswith a value of 5.7 MeV, and the neutron
gap is betweenthe f;-, and the ps;-, shellswith a value of 4.3 MeV.

Finally, the total energyof the nucleusis given toward the bottom of the output Te, in
the line
total energy (from functional) -418.480 energy per nucleon 8.718
We comparethis value with onesobtained from other sourcesin TableIl.

At this point | should say somethingabout the energyfunctional underlying the calcula-
tion. It wasdonewith the "SLy4" parameterization[10] of the Skyrme energyfunctional,
andin fact the binding energyof this nucleiwasoneof properties consideringin constructing
it. Their number, obtainedwith a sphericalcode, is shovn on the top row. The code hfbtho
is also quite accurate although it is a 3-dimensionalcode. We can seethat these number
agreefor the purposeson nuclear masstables (several hundred KeV). While program ev8.f

is somewhatlessaccurate,for other properties sud assingle-particlespectra and separation
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TABLE I11: . Energy of the f,-, neutron orbital in *8Ca by various methods. All energiesare in

MeV.
Source |2(f 7,) (E(*®Ca)-E(*6Ca))/2
ev8 -9.8 -8.15
hfbtho -9.8 -8.5
Exp. -8.6

energiesthe results are virtually idertical to other code outputs. The theory missesthe
experimertal value by 2 MeV, which is rather typical.

IV. ELEMENT ARY APPLICA TIONS

Let us rst examinethe orbital energiesof the SCMF, taking the exampleof “8Ca.

A. Separation energies

The neutron and proton separation energiesare de ned by the di®erencein binding
energies
Sh=ENN;Z)i E(Nj L,Z); So=E(N;Z)i E(N;Zj 1)

Naively, we might identify the orbital energies?; as separationenergies,but that is only
an approximation basedon the assumption that the other occupied orbitals remain the
samewhen a nucleonis removed from the nucleus. More rigorously, the separationenergy
should be calculated by taking energydi®erencedbetweenthe nuclei with and without that
particle. The two methods are comparedin Table I1l. Note that the di®erenceenergyis
more accuratethan the orbital value. This is due to changesin the wave function sut as
a pairing-nopairing transition from one nucleusto the other. These cortributions, called
rearrangemenh energies,are not included in the 2;. Still, the naive identi cation has some
value asthe orbital rearrangemen e®ectsare not large. This is not the casefor electronic

systems. There the orbital energiescan be quite misleading.
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TABLE IV: Neutron particle statesin “°Ca.

Shell?; j 25-, Experimental
P3=> 0.0 g.s.
P1=2 1.9 2.0
fg— 4.2 » 4.0

TABLE V: Proton hole statesin 4’K.
Shellj?; | 2,-, Experimental

S1=2 g.s.
dsz-> 0.4
ds-> » 5.0

B. Particle orbitals

The orbital energydi®erenceamongthe unoccupied(particle) orbitals shouldbere°ected
in the spectrum of the nucleuswith one added particle, which may be placedin any of the
unoccupied orbitals. Becausewe only consider energy di®erencesyearrangemeh e®ects
should be reduced. The samereasoningcan be madefor the occupied(hole) orbitals aswell,
giving predictions for the spectrum of the nucleuswith one lessparticle. Table IV shows
the comparisonfor the “Caneutron particle orbitals. The results look very nice, but the
situation is in fact more complicated. In the experimertal spectrum of 3°Ca, the p;—, canbe
easilyidenti ed, beingwith the rst excitedstate andwell isolatedin the spectrum. However,
the higher spectrum hasmarny statesbelow 4 MeV, and the f 5=, is only identi ed by reaction
properties (namely, the (d,p) reaction). Finally, in Fig. 1 we showv graphs of the single-
particle orbitals of various light- and medium-weight nuclei. The experimertal numbers
were from the separationenergieswith respect to neighboring odd nuclei. Exercise: use

the output of “8Ca calculationto 1l in the ertries in Table V.

C. Particle-hole gaps

The last orbital energy comparisonwe make is for the particle-hole shell gap, already

extracted for “8Ca in Sect. |11 C. In a naive shell model, this energy should re°ect a gap

15
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FIG. 1: Spectra of light- and medium-massdoubly magic nuclei, calculated in the SCMF with the

SLy4 energy functional.

in the excitation spectrum. Experimenrtally, the st excited state of ®CaisaJ = 2 even
parity state (2*) at excitation energyof 3.8 MeV. The state could not comefrom the proton
shellgap, becausedhe parities of the particle and hole statesare di®eren. It could comefrom
the neutrons, howewer, exciting an f ;=, neutron to the ps-, shell. The angular momertum
of the state can be anywherein the rangeof jj,i jnj to jp+ jn, sothe quartum number 2*
is permitted. The orbital gap energyis 4.3 MeV, somewhatlarger than the obsened value.
In fact, e®ectf the residualinteraction and of wave function mixing will be strongin suc
cases,so the naive energy should only be consideredqualitative at best. We will consider

the excitations in much more detail when we cometo the extensionsof SCMF.

D. Shell closures

Much experimertal researt has beendirected to nding new shell e®ectsin nuclei far
from stability. With the SCMF and computerresourceone now hasavailable, theorists can
seeif there is an overall global consistencyand provide predictions any region of the mass

table. The main signaturesof shell closuresare:

Binding energies. Shelle®ectscan be seenin the trends of nuclearbinding energiesvhen

the smooth parts of the binding are subtracted out. This is shovn very graphically in
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the plot of residualswith respect to the liquid model [13]. A versionof that plot with
experimertal data from the latest compilation [17] is Fig. 2. The residualsare plotted
as a function of neutron number, with data for the sameproton number connected
by lines. The shell closuresat N = 50; 82 and 126 are very prominert. There are no

obviously binding e®ectsof shell closuresin light nuclei.

Tw o-nucleon gap A moresensitive measureof shelle®ectomesfrom di®erencesn bind-
ing energies.The two-nucleonseparationenergyis lesssensitive to pairing e®ectdhan

the ordinary separation. It is given by
Son = E(N;Z)i E(Ni 22)

for the caseof neutrons. The separationenergyshould be larger at a magic number
than above the magic number, becausethe nucleonscomefrom di®eren shells. Thus

the energydi®erence
Bn(N;Z) = Son(N + 2,Z) i Spn(N; 2)

should be an measureof the shell closure. It is called the two-nucleon gap

As an exerciselet us nd the nucleiwith largestvaluesof +,,(N;Z) and seewhat shells
they mark. Becausethe shell spacingare larger for smaller nuclei, we should make a
criterion that scaleswith nuclei sizeaccordingto the single-particlelevel spacing. Let
us make the criterion be

16
Hn(N;Z) > —— MeV

Experimertally, there are 30 nuclei that satisfy this criterion. Their characteristicsare
shown in Table VI. One seesvery clearly the magic numbers 28,50,82and 126. The
other even-ewen nuclei that have large gapsturn out to be lighter nucleionthe N = Z
line. There is thus an enhancedstability of the so-called\alpha-particle nuclei". The
predictions of SCMF with SLy4 are qualitativ ely similar but not identical. There are
more magic nuclei and relatively fewer alpha-particle nuclei passingits two-neutron
gap test. From the table, one seesthat N = 20 quali es as a magic number in the

SCMF but not experimertally.

Excited state gap. The most sensitive measureof shell e®ectss the systematictrend of

the energygap in the excitation spectra. The rst excited state of most even-ewen
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TABLE VI: Even-ewen nuclei with large two-neutron gaps

N=2? N|Exp. SLy4

yes 12 4

no N=20
28

82

0 3

2 3
50 5 5
7 7
126/ 4 5
0 2

other

total 30 29

12

Energy (MeV)
o

12 L L L L L L L
20 40 60 80 100 120 140

Neutron Number N

FIG. 2: Binding energy residualsfor the liquid drop model (after [13]).

nuclei has quantum number 2, and its excitation energy becomesdarge in a magic
nucleus. The systematicsof the 2" excitation energiesis shavn in Fig. 3, plotted as
a function of proton number. The very large values(> 3:5MeV) are assaiated with
doubly magic nuclei, °Ca, *2Sn and 2°8Pb. Note that in the N = 82 chain there is

an apparert minor shell closureat Z = 64.

E. Deformations

Alongside the explanation of magic numbers and shell closures,a great successof the
SCMF is its description of deformednuclei. Let us take as an examplethe nucleus 62Dy,
If we put in its particle numbersN = 96,Z = 66 in the code ev8 we nd that the SCFM
is not spherical. To seethis, run the code and nd a line with the notation 'gtot’. It gives

the expectation value of the quadrupole operator Q = 2z x?i y2. The cornvergedvalue
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FIG. 3: Systematicsof 2* excitation energies.

for 162Dy is Qg » 1800fm?
What is the physical meaning of this number? The ground state of %2Dy as angular
momertum zero and thus no quadrupole momert. But in an important senseit is indeed
physical, describing a the intrinsic state of the ground state rotational band. Thus to
comparewith experimert one hasto examine band properties. The easiestone to useis
the reducedquadrupole transition rate B (E2) connectingthe excited 2* state in the band
to the O+ ground state. A simple formula can be derived in the rigid rotor model to relate
it to Qp, the intrinsic quadrupole momert of the proton distribution in the intrinsic state.
The formula is [18, eq. 4-68D]:
57 2%¢?
16YA?

gQFZ) Ya

B(E2,0! 2)=
A

Q3

We can get the experimertal value from the compilation by Raman et al. [27],
B(E2;0! 2) = 53 €?bn?. The deducedvalue of Q, and Q, are then 7.3 bn and 17.8
bn respectively. The agreemeh betweentheory and experimert is perfect within the ac-
curaciesof the experimertal measuremet and the numerical calculation. We can't expect
to do sowell in general. It is commonto expressthe deformation in terms of the shape
parameter ,. Although in principle , hasa geometricde nition, in practice it is often
de ned by the formula

Qo= %;2A5:3 1:44fm?;
With this de nition, ~, = 0:34 for 162Dy.

The importance of deformation in the SCMF energiesis illustrated in Fig. 4, showing
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the energydi®erencedbetweenthe SCMF with and without breaking spherical symmetry.

We seethat the deformation can cortribution up to 20 MeV in the total energy

F. Binding and separation energy systematics

Computer resourcesare now adequateto perform the SCMF calculations for all nuclei
of interest at once, even varying the parametersof the energyfunctionals. Thus, it is now
possibleto construct theoretical masstables using SCMF. We can then begin to duplicate
the program of quartum chemistry where the DFT was improved to the point of being
usefulto predict the properties of unknown systems. The rst masstheory was the liquid
drop model, whosepredictions were shovn in Fig. 2. The rms residual of theoretical and
experimertal binding energiesis about 3 MeV. A theory including shell e®ectsthat has
becomethe bendimark for binding energiesis the nite-range droplet model (FRDM) of
MAller et al. [13. It has between 10 and 20 adjustable parameters,achieving a t to the
known masseshaving an rms residual of about 600-700keV. A guiding principle in that

theory was to try to simulate SCMF to correct the liquid drop formula for shell e®ects.
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FIG. 5: Binding energyresidualsof the SCMF theory using the re tted SLy4 parameter set [14].

Howevwer, it turns out that \true" SCMF doesnot comecloseto the accuracyof the FRDM,
at leastwith the Skyrme parameterizationframework. Ref. [14] shaws that the accuracyis
limited to about 1.5 MeV using Skyrme parameterizations. A plot of residualsis shovn in
Fig. 5 Oneseeghat the SCMF overemphasizeshe shell stability at neutron magicnumbers
N = 50,82 126. The Skyrme SCMF was also usedby Goriely, et al., [19 to construct a
masstable. Theseauthors included additional phenomenologicaterms in theory and were
then ableto achieve ts comparableto the FRDM.

Thereis aninterestingshelle®ectvisible in the systematicsof the two-nucleongaps,called
\mutually enhancedmagicity". One nds that the gapsare largestwhen both protons and
neutrons are at magic numbers. Thus, there is an interaction between the protons and
neutrons that can either enhanceor diminish shell e®ects. This behavior is illustrated in
Fig. 6, showing the two-proton gapsat Z = 50 and 82 as function of neutron number. The
obsened gaps, shovn by diamonds, peakat N = 82 in the Snisotopesand at N = 128
in the Pb isotopes. In cortrast, the SCMF restricted to spherically symmetric elds hasa

°at behaviors, shavn by the short-dashedlines. Allowing static deformationsreducesthe
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FIG. 6: Two-proton gapsfor Pb and Sn isotopic chains. Observwed gapsare shovn by diamonds.

gap in the mid-shell region, as seenby the long-dashedcurve. Howewer, it does nothing
near the magic numbers where the nucleusremains spherical. We will get to the theory
correspnding to the solid line later.

| would like to tell you a bit how we did the t becauseit is a common problem and
many peoplewaste a lot of time discovering the pitfalls for themsehes. We represen the

energyfunctional asa sum of terms

wheregc is a parameterand f; is a function of the one-lbody densities.Theinteraction energy

for ead nucleusA requiresthe integrals over the correspnding densitiesf i ,
z
I A — d3rf iA -
Then the theoretical energyfor ead nucleusis
Ay
En(A) = Glia
i=1

and the errors, called residuals is given by
a = Eexp(A) i Ewn(A):

One cando a linear re t just using this information. According to the Feynman-Hellman

theorem [32], the derivative of the residuals with respect to the parametersis given by
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dra=dg = lia: The linear leastsquares t requiresinverting the matrix M having elemetts
X

Mj = (117); lialja: (3)
A

The re t parametersare changedby an amourt ¢ ¢ given by
¢c=Mitr:

Here ¢ c and r are vectorswith componerts ¢, and r, respectively.

The problem that often ariseswhen using this formula is that the matrix M can be
singular, and thus not invertible. This happenswhen there are redundart conmbinations of
parameters,or parametersthat are very insensitive. The remedyis to rst diagonalizeM
and project onto a smaller spacethat eliminatesthe small eigervalues.

Fig. 7 shows the eigervalue spectrum for the M matrix derived from the residuals of
the » 550 known ewven-een nuclei [14]. The eigervalueshave a remarkable span of values.
We can also seewhich conbinations of parametersdetermine the nuclear matter binding
energya, and the symmetry energyas. It turns out that theseconbinations are essetially

cortained in the subspaceof the rst three vectors,with the rst vector determininga,. The
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next gure shows how the rms residual of the binding energiesmprove as oneaugmeris the
‘tting space. Essettially, one only needsthe information from the rst four vectorsto t
the binding energies. This is con rmed by doing a full re t, which givesthe sameresult
with four-dimensional t but a larger error for six or eight dimensions.

Another tting procedurewe have tried is the minimax method [14]. It givesa table
of critical nuclei, the nuclei that are most dizcult to t. It can be more sensitive to new
data than the traditional leastsquarest. This is illustrated in Table VII, making ts with
the liquid drop model. The rst two lines are ts to the data in the 2003 and the 1995
masstables. Paradaically, the r.m.s. residual improveswith time but the minimax norm
gets worse. When we looked closerat the new data, we found that the newly measured
massof 1°°Sn was responsiblefor the poorer t. However, there is a large error bar on that
measuremen If oneis more consenrative and includesonly data that has a experimertal
error of lessthat 200 keV, the minimax is only increasedslightly. The main lessonfrom
this analysisis that one can prioritize the importance of accurate massmeasuremets of
individual nuclei, and 1°°Sn certainly desenesfurther study.

The chart of nuclei showving the critical onesis given in Fig. 9. The critical nuclei for
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FIG. 9: Chart of nuclei shawing the critical nuclei of the liquid drop model and of the linearized
ret of the SCMF basedon the SLy4 interaction. Critical nuclei are indicated by triangles, with
the orientation of the triangle distinguishing overbound (¢) and underbound (r ) nuclei. The cross

area shaows the nuclei whosemasseshave beenmeasured.

25



TABLE VII: Liquid drop model, comparing least squares ts with minimax ts of the 2003 and

1995masstables [17]. The t doesnot include light nuclei (N or Z < 8).

Data set |r.m.s. |C-norm|overbound critical nuclei

(MeV) | (MeV) |underbound critical nuclei

2003 2.9 9.2 |%OAr, "6Se/"Br,22%Fr

lOOSn 1328n

1995 3.0 8.0 |3Ge!%Nb,?*°Ra

230,1328n,207Pb

2003 2.8 8.4 |%0Ar, "3As,76Se229Fr

¥< 0:2 Mev 102gn 132G

the SCMF/Sly4 include the doubly magic?°®Pb, a very heary neutron-rich nucleus,and two
nucleionthe N = Z line. We already sav in Sect. IV D that the SCMF doesnot properly

decribed the enhancedbinding of the alpha-particle nuclei.

G. Energy landscap es, intruder states, and ssion barriers

In this section we will going beyond the minimum point of the SCMF. The purpose
ultimately is to get information about excitations, to assesshe reliability of the computed
minimum, and to make a better theory of the ground state. To get away from the minimum,
simply add an external potential to the Hamiltonian and recalculatethe SCMF ground state.

Quadrupole deformationscan thus be arti cially inducedby adding a quadrupole eld, e.g.
H! Hj Q:

Here, is an arbitrary parameterthat can be adjust to achieve a desireddegreeof deforma-
tion. In practice, ev8 allows you to specify the deformationyou want in the input Te. The
code has an iterativ e procedureto choosethe | appropriately. | will now shov someexam-
plesthat were obtained with the SLy4 parametersin a Skyrme energyfunctional. The rst

exampleis ?8Si, a nucleusthat should be magicin a spin-orbit dominated shell model. The
energylandscage is shavn in Fig. 10. In calculating the energiespnetakesthe expectation
value of the Hamiltonian (or ewaluated the energy functional) omitting the external eld

but taking the wave function from the calculation that included the eld. One seeghat the
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FIG. 11: Potential energylandscape for 42Si.

minimum is not a sphericalstate but is rather an oblate deformedstate. The di®erencen
energyis rather small (1.8 MeV) suggestinghat the shape may not be sorigidly determined.
The next exampleis #°Si which is the subject of a very recert article in Nature, where it
was assertedto be doubly magic[11]. The energylandscape is shavn in Fig. 11. Sotheory
predicts that the nucleusshould be oblate. What do you think?

When the energylandscape hasa minimum brought about by a major rearrangemen of
the orbitals, the state that is generatedis called an intruder state It is not a part of the
spaceof the normal shell orbitals for that nucleus,but it intrudesinto it from higher shells.

A famousexampleis the nucleus*®O. According to the naive shell model, its low excited
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FIG. 12: Potential energy landscage for 188Pb.

states should come from particle-hole con gurations with the particle in the sd-shell and
the hole in the p-shell. This implies that the stateswould all have odd parity. In fact the
lowest excited state hasO* quartum numbers,and hasa highly deformedintrinsic structure.
There is no hint of a °at landscape allowing a second0*, but we will seethat extensionsof
the SCMF bring down a highly deformedstate.

The next exampleis *¥Pb, from ref. [20]. This givesa much clearerexampleof coexis-
tencesof statesof di®erent character in the samepart of the spectrum. Besideshaving a 0*
ground state, its rst two excited statesalsohave 0* quarntum numbers. Its energycurve is
shown in Fig. 12. One seesthree minima: oblate, spherical,and prolate. We will seelater
how to extendthe SCMF to get an actual spectrum of excited states. spectrum.

The energy landscape is also of interest in describing ssion. There is a complex set
of phenomenaassaiated with the ssion processin plutonium. First of all, there is the
barrier, the lowest energythat ssion can take place without tunneling. In addition, there
are multiple minima alongthe route to ssion, that a®ectthe strength function. A computed
“ssion barrier is shovn in Fig. 13. The ground state is the lowest point on the curve located
nearQ = 70 bn. The secondwell, labeledE,, is responsiblefor ssion isomers.The actual
“ssion barrier is located at the point Eg. When the energy of the nucleusjust exceedshe

barrier, in mainly decas by ssion.
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FIG. 13: Fission barrier in 240Pu, calculated in the SCMF with the Skyrme SLy4 functional.

PART Il: BEYOND THE SCMF

There are two main approahesto improve on the SCMF. One approad xes the prob-
lem that the wave function often does not consere the symmetries of the Hamiltonian,
particularly rotational invariance for deformednuclei and particle number for nuclei with
BCS condensates.The remedyis to project the SCMF wave function onto eigenstatesof
the quantum number in question. The other approad is a more generalone; one intro-
ducesother states (con gurations) into the theory and mixesthem together. Conceptually
this is straightforward. Howewer, the computational obstaclesare enormousand simpli ed

approximation schemesplay an important role.

V. PROJECTIONS

We beginwith particle number projection. One often usesthe formula,
z
1c2% , . .
Pu=2  dAdNiDA
N 2Y4 o

to project a good particle number from a BCS wave function or from a grand canonical

density matrix. For example, we would project out particle number N from a BCS wave
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function using the matrix elemerts
A Ner b .
BCsiegMABCSi = (U2 + e¥Av2)
i

The projected overlap is then given by the Fourier transform integral,

Z Nprb

. 1% s y ]
< BCSjPyBCS>= — & N4 (u2+ é#Av?)dA
2Ya

i
which is usually carried out numerically. Sincethe maximum frequencyin the exponertial is
2N b, the integral can be doneexactly using a uniform meshwith 2N, integration points.

Next we look at the correspnding projection formula for angularmomertum. A deformed
intrinsic state having angular momertum K about the z-axis con be projected onto angular

momertum J; M by the operator
1 Z
IﬁJMK: — d3- D#/IK(-) Q.:

Here R. is the operator that rotates the wave function through Euler angles- = (®; 1 °),
d3- = d®dcosfy) d° and Dy, « is the Wigner function. In general,the numerical evaluation
of the three-dimensionalintegral needstoo many integration points to be practical. Fortu-
nately, for somewave functions, namely those that are axially symmetric, the integration
reducesto one dimensional. In that casewe obtain the J-state with M = 0 using the
operator .
P, = % _lldcosuPa (cosp)Ry (1) (4)
i

where Iﬁy(p) rotates the wave function by an angle y about the y-axis and P;(x) is the
Legendrefunction.

The computer program promesse available on requestfrom its authors [23], carriesout
particle number projection and calculatesthe matrix elemers neededor angularmomertum
projection, taking as input the e of SCMF orbitals generatedby ev8. It automatically
takesenoughintegration points in the gaugeangleto do the exact number projection, but
selectionof rotation anglesfor the angular projection often needsto be madeby the user. It
takesmuch longerto do the projections than to calculatethe SCMF orbitals. The angular
projection is carried out by making a polynomial t to the wave function on the Cartesian
meshand using that approximation to interpolate the orbital functions on a rotated mesh.
To accurately rotate the N2 points in a given plane takes of order N operations, which is

a signi cant computational cost [43].
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Having establishedthat projection canbe carried out, let's askthe mostimportant prac-
tical questionabout it: doesit make a better theory? There is a spectroscopicside and an
energeticsside to the question. No one has given a corvincing answer to the question for
particle projection, but the utilit y of angular momertum projection is clear. In a study of
correlation energiesfor the known-masseven-een nuclei, our group found that a better t

to the energiescould be madeincluding a separationterm for the rotational projection[5]

VI. RPA AND QRPA

A very usefulextensionof SCMF is the RPA theory of the excitation spectrum. RPA can
be derived in many ways, and | have gonethrough a number of thesederivations in lectures
| have givenin the past [15]. A good way to view it is asa small-amplitude approximation

to time-dependert SCMF, which in turn can be derived from the variational principle
z

+ dthR( t)jH i%a( t)i;
wherethe varied wave function j&( t)i is restricted to be of determinartal form. This is the
caseif we canwrite j2( t)i in the form j2( t)i = exp(iW (t))j2 oi whereW((t) is a Hermitian
one-lody operator and j2 i is the SCMF ground state. In its most generalform, the RPA
theory take W(t) to be
W (t) = X (sin! tYp, + icos! t Xph)ajan) + cic:
ph

Here X pn; Ypn are vectorsin the spaceof particle-hole con gurations; the equation they
satisfy is " o

A B Y- Y-

iB jA X = X )
where A and B are Hamiltonian matrices in the particle-hole space. Thus, if the space
has N}, occupied orbitals and N, unoccupied orbitals there will be 2N,N, real amplitudes
to describe the wave function. Although the dimensionof the matrix is 2N,N,, there are
only N,N, distinct excitations, correspnding in number to the number of particle-hole
con gurations. The RPA has the important property that it respects consenation laws
embeddedin the Hamiltonian, most particularly the relation betweencurrent and density.
This is exhibited in energy-weight sumrules, and givesthe RPA its prominencein the theory

of giant resonances.
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TABLE VIII: Excitation energyof the rst 2* in 48Ca, in MeV

SourceExcitation energy
i.p. 4.3
RPA 3.6 [33]
exp. 3.8

For an exampleof an RPA calculation, | return to the Tst excited state in “8Ca wherewe
saw the failure of the independen particle model. Including interaction e®ectsthe energy
of the particle-hole state will be lowered, bringing it closerto experimernt. Ref. [33] reports
someRPA calculations for this nucleus. For the energy functionals closestto the one we
use,they a value of 3:8 MeV for the excitation energy

The quasiparticle RPA (QRPA) is the generalizationto systemswith HFB or HF-
BCS ground states. The equations are similar, replacing particle-hole amplitudes by
two-quasiparticle amplitudes. In HFB, all orbitals are (in principle) occupied, so the
dimension of the spacebecomesthe square of the orbital spacedimension. This can be
very large for the lattice represemation of orbitals. For an example of the application
of QRPA , ref. [34] calculatesexcitations in neutron-rich sd-shell nuclei using it. They
‘nd that the excitation energy of the lowest 2* excitation is lowered by the interaction
e®ects.One of the currently interesting applications of the QRPA is to beta deca strength
functions in heary nuclei [36]. Here the particle-hole operator changesa neutron into

a proton or vice versa. The QRPA was rst appliedin this cortext by a studert of mine [12].

VI . GENERA TOR COORDINA TE METHOD

We now describe how to get spectra from the energy landscapes we computed in Sec.
IV G. There is a systematic procedure for doing this with any kind of eld called the
Generator Coordinate Method (GCM). The strength of the “eld, e.g. ! or,, is a variable
usedto \generate" a set of con gurations, and then the expectation of the Hamiltonian is
minimize in that con guration space. Formally the generating parameter is treated as a
cortinuous variable, but for actual calculationsit is taken with discretevaluesand we shall

treat it that way here.
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The logic of the method is quite straightforward. Let us label the constrainedcon gura-
tions in someway, perhapsby the expectation value of the constraining operator. Thus we
call the state jqi that is generatedby solvingthe SCMF in the presenceof the external eld

,Q setting g= MQi. The ground state energyis calculated by minimizing the expression
HjHj2 i
E=——F— 6
Y (6)
. P e . e
wherej2 i = ; ¢jgi andthe ¢ arevariational parameters. Carrying out the variation, one
obtained the Hill-Wheeler equationto be satis ed by the solution. In discreteform, it is the

matrix equation,
X
(mjHjgi i Ehgjgi)g =0

J
The stumbling point for using the formula is the typical overcompletenes®f the spaceof

states. When that happens,the matrix equationis unstable and one can spurioussolutions.
This canbe dealt with by the sametrick we usedfor the tting problemwhenthere weretoo
many parameters. As an examplesof the useof this method | shav the energylandscapes
and computedspectra for the nuclei 160 [40] and '8¢Pb [41]. SeeFigs. 14and 15. The GCM
does remarkably well for the excited state spectrum of °O. The energiesare very good
comparedto the results of the con guration-mixed shell model. Also, the low transition
rates comeout within a factor of two of the experimertal values. The theory for 85Pb also
predictsthat the rst excited state hasspin zero,in agreemehwith experimert. Both these
nuclei exhibit the coexistencephenomenonnamely the presenceof a deformedband in the
samepart of the spectrum asthe ordinary states.

The GCM is alsousedin a quite di®erern way, to derive collective Hamiltonians. This is

carried out by making the Gaussianoverlap appraximation (GOA):
hojal Yaexp(i ®ai o));

hojH o Yahoji(ho i (qi d)?hy):

Here®; hy; h, arefunctions of & = (q+ g)=2. Thosefunctions are then usedto construct a
collective Hamiltonian. One canseehow this works by taking qto be cortinuouscoordinate,

and ®; hg; andh, to be constart. Then the equation can be solved by plane waves,

Z
dg(hofiHjgi i Ehgjai)e™ = o:
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FIG. 14: Energy landscape of 160 with superimposedspectrum from the GCM theory, Figs. 3 and
4 from [40].

FIG. 15: Energy landscape of 185Pb with superimposedspectrum from the GCM theory, Figs. 1
and 4 from [42].

Evaluating the integrals gives
2

(ho | h2§—® | E)ePi’s P20 = 077
Thus, we can idertify hy with the potertial energyin a collective Hamiltonian and h,=4®
with the coexcient 1=2M in a kinetic term p?=2M . This method has beenapplied to the
guadrupole coordinate to construct a collective Bohr Hamiltonian, which wasthen solved to
get spectroscopicproperties [45. One can also make a connectionbetweenthe GCM/GO A

and the RPA, if onereplacesthe constart hj 0 by a quadratic function of g. For details of
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the algebra, see[47)].

Even when the discrete form of the GCM is kept, the GOA can be useful. Let us rst
return to the angular momertum projection, which we do by performing the integral eq. 4
numerically. When we did our global study of correlation energiesjt wasvery important to
do the integral exciently. It turned out that the GOA permits oneto computethe integrals
just using a 2-point evaluation of the overlaps. But instead of using 1 or cosp asa variable,
it better to usesiny, i.e

hjR,jai Va el ok

The reasonis that the wavefunctionis invariant under rotations by an angle¥4 and the GOA
shouldrespectit. This is calledthe topological Gaussianoverlap approximation (top-GOA)
[48].

The GOA is alsousefulfor computing the overlapsbetweendi®erer deformationsg. Here
oneordersthe statesand usesthe computed overlap betweenneighboring con gurations to
determine a distancescalex, hgjg..i = e *ii Xi+1)*2 Then any other overlap is estimated
from the assignedx scale,hgjgi = e (xii X)*=2_ Thesetwo GOA's reducethe computation
task of the discrete Hill-Wheeler by two orders of magnitudesin a typical situation where
there are about ten con gurations to be included in the Hill-Wheeler equations[21].

Simplifying the GCM in this way, Bender, Heenenand | have computedthe correlation
energiesof the known even-e\en nuclei. Adding the correlation energyto energyfrom the
SCMF, we found that there wassomeimprovemert in the binding energy The improvemert
is most noticible in the di®eretial quartities, namely the separationenergy and the two-
nucleongap. In the graph of the two-proton gapssystematicsfor Sn and Pb, Fig. VI, the
solid line shows the theory including the quadrupolar correlation energy One seesquit a

good agreemeh with the experimertal values.

VI 1l. AUXILIAR Y FIELD METHODS

The auxiliary eld method is a powerful technigue that in e®ectreducesa two-particle
Hamiltonian to a form that only hasone-particles elds. It is usedin many areasof physics,
particularly condensednatter, and it is closelyrelated to the path integral method of quan-
tum eld theory. It alsois interesting from a formal point of view becauseSCMF and

extensionsof SCMF sud as RPA can be easily derived from it. To discussit, we needto

35



distinguish betweenoperatorsthat act in the many-particle Fock from thosethat are simple
matricesin a one-particlespace.Let us usecarats for Fock-spaceoperators sud asthe par-
ticle creation and annihilation operators, which we now write as&Y; 4. The basic object of
study in the auxiliary eld method is the many-particle imaginary-time ewlution operator
exp(; “H). Its trace (Trg in many-particle Fock space)is the grand canonical partition
function, if H is replacedby B j N . The basicformula is for the expectation value of an
operator K in the grand canonicalensenble at inversetemperature ~ is:

i = TeRe (7)

Tree H

The rst stepto get a practical calculational method is to sliceit into factorsthat can be
approximated more easily:

Wt
exp( “H) = exp(i ¢ H)

where¢ = =N, and N, is the number of terms (called \time slices"). This is called the
Trotter expansion. Next, assuming¢ to be small, an individual term can be separated

into kinetic and potential parts as
g ¢ A 1, g ¢ fai¢0

where ¢ is a two-particle potential energy The next step is the Hubbard-Stratonovich
transformation, which carriesus from the two-particle operator ¢ to an expressiorcortaining
only one-particle operators. First it is necessaryto expressthe interaction as a sum over
products of one-particle operators,

1No .

0= = OO
2 i
: P .

Here the one-particle operators © have the form & = =, Oy ala,. The number of terms in
this separableexpansionis No. For a singleterm, the Hubbard-Stratonovich transformation

is the identity s

¢ %1
ﬁl il
wherethe single-particle Hamiltonian fi is given by

g ¢ h = d¥%e ¢ g ¢ =2

ﬁ =+ 3/14©i
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Usingit, the Trotter expansionbecomesa many-dimensionalintegral over the exponertiated

one-particle Hamiltonians fi. This is often written

z . R — 3 . R A3

where D[¥] represems the many-fold integrations over the % elds. The dimension of the
integration is N{No. Note that the interaction must be attractiv e for this formula to work.
Fortunately for nuclear physics the most important parts of the interaction for nuclear
structure purposesare attractiv e.

Before mertioning the interesting applications of the formula, I will shov you how easy
it is to derive the mean- eld appraximation. Let's look at the denominator in the trace

formula, which we now write

z . R —3/2 _ . R ~ A3
D[¥]e d /Z-_zTrF g dh#H.

The simplest possibleappraximation to this integral is to replacethe integrand by a single
point. Obviously, if we do that, we should choosethe point the integrand is a maximum.

Thus, we now evaluate the simpli ed trace having all the %s equal,

Tre @ (&+70).

To ewaluate the trace, we diagonalizethe single-particle Hamiltonian to get eigenenergies
2/(%). Then the trace becomes
Tre exp(i =7 2ify;) = Y 1+é ")
i i
Up to now | have ignoredthe chemical potertial, but it can't be avoided any longer. Let us
supposewe wart to treat N particles. Then the chemicalpotential shouldbe chosensothat

N of the eigervalues?; are negatiwe. If ~ is large, the product canthen be approximated as

. - . — —P .
Next we determine %to maximize the completeintegrand, exp(j ~ ¥4=2+ N2,) Setting

the derivative to zero, the condition is

X dx(9) |
d3s

Ya=
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But, remenbering the Feynman-Hellmantheorem, this may be seenequivalert to Hartree
self-consistencycondition %= hoy FjOj©H Fl.

It is also possibleto derive a formula for the RPA correlation energy from the trace
formula [25)].

A. Thermal prop erties

Eq. 7 is very useful for treating the thermal properties of nuclei, asit is just the grand
canonical expectation value for the operator K at temperature T = 1=". To apply this to
the nuclear level density, one rst calculatesthe expectation value of the Hamiltonian as a

function of

EC) = Tre Hel 7
Treel W

The partition function Z (") may then be computedby integrating the energyfunction,
i
Z(7) = Z(0)exp(j . d°E(Y:
The level density can be obtained from the partition function by using the saddle point
appraximation. That yields .
Yo = pTTCZ(_)e B
It is straightforward to derive the nite-temp erature HF theory from the single-mint ap-
proximation to the integral, aswas donewith the ground state theory (large ).

Another approximation | want to mertion brie®y is the static path approximation, de ned
by keeping¥sindependen of time slice (thus static), but keepingthe full integral over the
valuesof % It hasbeenusedto discussthe e®ectof projections and symmetry breaking on
the nuclearlevel density. The theory of level densitiesderived from the independen orbital
approximation has a di®eren prefactor, depending on whether the nucleusis spherical or
deformed[18]. The static path appraximation givesa way to treat both casesaswell asthe
soft nuclei in between[30]. More recerily, Alhassid and | usedit to generalizethe Belyaev
formula for momerns of inertia to nite temperature and to take into accour di®erences

betweenodd and even nuclei [44]
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B. SMMC and MCSM

The so-calledShell Model Monte Carlo makesuseof a stochastic evaluation of the inte-
gralsin the auxiliary eld formula. When the number of integration variablesis larger than
six or so, it becomesimpractical to use meshesfor their evaluation. On the other hand,
using importance sampling the ratio of integrals

“DIFIAMHP ()
D[P (%)

canbe estimatedto acceptableaccuracy HereP (%) is the integrand which must be nonneg-

ative for the method to work. The importancesamplingtechniqueis to producean ensenble
of points ¥ (actually vectors of dimensionN{Np) whosedensity in the integration space
equal to the integrand in the denominator. With that ensenble the estimator of the ratio
of integralsis

1 X

N A(F)

The ensenble of points is generatedby the Metropolis algorithm, which I will not gothrough
in detail. The art of using the algorithm is in de ning how a candidate for the next point
is generatedfrom the previous point using the probability function P(3). | will explain
now how P (%) is computed. The crucial point is that the ewlution operator 0(3) =
Qi exp(i ¢ ~(f+ %0) is a one-body operator that can be diagonalizedin the one-body space
© exp(i ¢ (t+ %O));

diagonalizingit givesa setof eigervectors» and eigervalues, . Then the full many-particle

for usein the Fock space.In the one-lody spacethe matrix is U =

operator O can be expressed
X Yy
O0=" @+, »a8):
k ij

For example,we can usethis to evaluate the Fock-spacetrace

Y
TreO = (1+ )
K

and the trace of a single-particle operator with O,

X (1+ hkjOjki)
Tre 00 = : Tre 0:
i @0 T

The formulas are only slightly more complicated for traces of products of single-particle

operators, neededfor evaluating the two-body Hamiltonian.
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Thus, we can nd the many-particle quartities dealing only with matricesin the single-
particle space.This givesthe SMMC excellert scalingproperties with respect to the sizeof
the nucleus. Here is a naive analysisof the numerics: Call the number of time slicesMy,
and the dimensionof the single-particlespaceNs. The matrix multiplications to compose
U ead take N2 operations, and that hasto be done M, times. The diagonalizationis also

N2, which is hardly noticeableafter the multiplications. Thus the scaleof the e®ortis
NZM,:

This may seemlike a lot, but it is small comparedto the e®ortneededto treat explicitly the
many-particle con gurations by matrix methods. The dimensionshere grow exponertially
with the number of particles in the system.

Up to now, this method hasonly beenapplied usingthe sphericalshellmodel to construct
the single-particlebasis. But there is no reasonthat one couldn't usethe SCMF orbitals as
a more excient basis.

Finally, | want to mertion the MCSM which hasbeendeweloped by Otsuka and collabora-
tors [35]. In someway his approad is intermediate to the GCM and the auxilia%_elds. As
in the SMMC, one constructs con gurations using the Trotter expansionj% = e ¢ *ja i,
Howewer, onedoesn't try to integrate over all % elds but rather usesthe con gurations as
a basis. Thus, the equationto be solved in the end is the samevariational equation as eq.
6.
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